CS 205 March 11, 2008
Notes on Fourier series

Jean Baptiste Joseph Fourier was born on March 21, 1768 to a tailor and his wife in Auxerre,
France. The Fourier family was a very large family. Joseph was the ninth of 12 children and
there were three from a previous marriage. Joseph's mother died in 1777 and his father died the
following year leaving Joseph an orphan before his 10th birthday. This normally would have
meant that young Joseph would have become an apprentice if someone would have been willing
to take him in for the work he did. But Joseph was a bright boy and he was recommended to the
Bishop of Auxerre as a good candidate for the military school in Auxerre which was run by the
Benedictine monks. In this school he did very well - especially in mathematics. He had hoped
to have a military career but when he tried to join the artillery he was turned down. At age 19 he
joined the Benedictine abbey as a novice and began study to become a priest. In 1789 the French
revolution began and Joseph resigned his novitiate and returned to Auxerre to take up teaching at
his old school. There he taught mathematics, rhetoric, philosophy, and history.

Joseph Fourier was an excellent orator and he became involved in politics. At one point he was
arrested for his outspoken views and an order was issued for him to be sent to the guillotine. He
had widespread public support but an appeal failed. He was eventually released in a general
amnesty when Robespierre was arrested and executed in July of 1794,

Fourier began his study of heat around the year 1800. He presented the results of his studies in a
paper on the diffusion of heat on December 21, 1807 to the Institut de France. This was titled
Theorie analytique de las chaleur or The Mathematical Theory of Heat and was probably his
most important work. In this paper, Fourier showed that “almost” any function can be
represented by an equation of the form:
y a, @a,.cos(x) a,cos(2x) ..

b, sin(x) b, sin(2x) ...
which we know today as the trigonometric form of the Fourier series.

Fourier was said to have been an excellent teacher and at one point he was chosen to travel to
Egypt with Napoleon’s Legion of Culture to “civilize” the Egyptians. Fourier was a small man
and he worried about his health. He may have contracted Malaria in Egypt and in his later years
he became very sensitive to the cold. Joseph Fourier died at age 63 on May 16, 1830 with the
cause of death listed as heart disease.

So much for history...

The Fourier series gives a method of writing a periodic function in terms of sine and cosine
functions. Sines and cosines appear so frequently in nature we refer to these “waves” as natural
frequencies or sometimes “pure frequencies”. This definition is somewhat arbitrary. Almost any
periodic function can be written as an infinite series of sines and cosines (using the Fourier
series). But we might just as well write periodic functions in terms of an infinite sum of square
waves (Walsh functions). We would then refer to square waves as “pure frequencies” and we
would think about other signals (say sinusoids) as being made up of a collection of square waves.
Indeed, the whole process of writing periodic functions in terms of other functions is analogous
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to writing a vector in terms of orthogonal component vectors. The basis functions used for
expanding a periodic function are referred to as orthogonal functions. In order to qualify as an
orthogonal function set, the functions must satisfy the following equation:

N
ttzfi(t) f(t)dt ) i jj where k. is a constant

where the * means complex conjugate.

Examples of functions which satisfy this equation are: Walsh functions (square waves),
Legendre polynomials, Laguerre functions, and trigonometric functions.

In series notation trigonometric version of the Fourier series is written as:

f(t) 2 4 Cos( k) b, Sin( ki) (1)
2 k 1 0 k 1
where
2 2 .
a, = 1() Cos( jk)dt and b, = (D) Sin( kot

Example: Find the Fourier series for the square wave shown below.
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Figure 1
A square wave with a period of 2 .

Solution:

To find the coefficients ax and by, we need to integrate over one period. For this problem we will
take the period from 0 to 2 . The equation for f(t) is:

t
f(t
® 1 t 2
The equations for ax and by can be evaluated as:

a, 1 ( DCos(kt)dt 1 2( 1)Cos(kt)dt 0

0

1 12 0 keven
b, — ( DSin(kt)dt — ( 1Sin(kt)dt 4
0 k_ k odd
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We can then write f(t) as a Fourier series.

f(t) kism(kt)

k 1
k odd

The square wave can be thought of as an infinite sum of odd harmonic frequencies with the
higher harmonics decreasing in amplitude. The sum goes from 1 to infinity. If we take the upper
limit to be a finite number then the sum is only an approximation to the square wave. It can be
shown that in the limit, the sum approaches f(t) as k goes to infinity. At the discontinuities in f(t)
the limit of the sum approaches the midpoint.

The Fourier series is more commonly written today in exponential notation because dealing with
exponentials is often easier then dealing with trigonometric identities. Recall Euler's identity as:

e cos(x) i sin(x) or,
cos(x) 1 sin(x)

ix

e

If we add these two equations we get

e® e ™ 2cos(x) or
ix ix
cos(Xx) €
Likewise, if we subtract the equations we get
] ix e ix
sin(x) ————
) 2i

If we substitute these equations for sine and cosine into the trigonometric form of the Fourier
series and do about a page of algebra we get
fy ce* @)

k

0

where C, %Tf(t)e it ic /e’ « and ZT

which is the exponential form of the Fourier series.

Notice that in equation (1) the counting variable k goes from 1 to «o whereas in equation (2) the
counting variable k goes from -oo to +o0. This "quirk" of the exponential form of the Fourier
series is the mathematical source of negative frequencies which do not physically exist. The
negative frequencies are necessary with the exponential form because the negative terms allow
the complex conjugates to cancel the imaginary factor and leave us with a real function.



Class exercise
As an exercise we will plot the Fourier series for a square wave as was done in the example
above. The relevant equation is:

f(t) kism(kt)

k 1
k odd

Since we can't go quite to infinity we will allow the user to enter an upper limit called N via a
numeric up/down box.
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f(t) — Sin(kt)
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Figure 2
A GUI for the Fourier series plot.

You can download the project FourierInClass.zip from the web site at
http://csserver.evansville.edu/~hwang/s08 - courses/cs205.html



